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Stiffness Degradation in Hygrothermal Aged
Cross-Ply Laminate with Transverse Cracks

A. Tounsi∗ and K. Amara†

Université de Sidi Bel Abbes, 22000 Sidi Bel Abbes, Algeria

Stiffness degradation resulting from 90-deg ply cracking in hygrothermal aged cross-ply laminates is analyzed.
First, the material properties of the composite are affected by the variation of temperature and moisture and are
based on a micromechanical model of laminates. Consequently, the hygrothermal conditions degrade the stiffness
of the laminate. On the other hand, when this latter is subjected to tensile mechanical loading, the early stage
of damage is dominated by matrix cracking in the transverse plies; its presence causes stiffness reduction and
can be detrimental to the strength of the laminate. In this investigation, a modified shear-lag analysis, taking into
account the hygrothermal effect on the material properties of the laminate, is employed to evaluate the effect of
transverse cracks on the stiffness reduction in the hygrothermal aged cross-ply laminated composites. The results
represent well the dependence of the degradation of elastic properties on the crack density and hygrothermal
conditions.

Nomenclature
E f = Young’s modulus of the fiber
EL = longitudinal Young’s modulus
Em = Young’s modulus of the matrix
ET = transverse Young’s modulus
Ex = Young’s modulus of the damaged laminate
Ex0 = Young’s modulus of the undamaged laminate
G f = shear modulus of the fiber
GLT = longitudinal shear modulus of ply
Gm = shear modulus of the matrix
GTT’ = transverse shear modulus
h0 = ply thickness
l0 = half-crack spacing
Nx = applied load
R = stress perturbation function
Si j = compliance matrix of the unidirectional ply
t0 = thickness of the 0-deg layer
t90 = half-thickness of the 90-deg layer
u0(x, z) = longitudinal displacement within 0-deg layer
u90(x, z) = longitudinal displacement within 90-deg layer
V f = fiber volume fraction
Vm = matrix volume fraction
ζ = shear-lag parameter
ν f = Poisson’s ratio of the fiber
νLT = Poisson’s ratio
νm = Poisson’s ratio of the matrix
ρ = crack density
σc = applied stress

I. Introduction

M ATRIX cracking has long been recognized as the first damage
mode observed in composite laminates under static and fa-

tigue tensile loading. It does not necessarily result in the immediate
catastrophic failure of the laminate and therefore can be tolerated.
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However, its presence causes stiffness reduction and can be detri-
mental to the strength of the laminate. Many analyses have been
developed which attempt to evaluate the stiffness loss in the cracked
laminate. The shear-lag method1−9 and variational methods10−12 are
among the most commonly used procedures. Stiffness reduction
caused by the transverse matrix cracks in various composite lam-
inates has been studied by Highsmith and Reifsnider1 using the
shear-lag method. They assumed a thin boundary layer, referred to
as a shear layer, in the vicinity of the layer interface. Tensile stresses
in the uncracked layers are transferred to the cracked layers via the
shear layer. They also assumed that shear stresses are not dominant
within the boundary layer. The procedure for finding the stiffness re-
duction is simple. However, it is not easy to determine the thickness
of the boundary layer.

Flaggs2 studied tensile matrix failure in composites laminates.
The analysis was based on the two-dimensional shear-lag theory
with the use of mixed-mode strain-energy release rate. Even though
good agreement was observed with experimental data for thinner
90-deg layers, this analysis is not applicable for thicker 90-deg
layers.

Laws and Dvorak3 practised the shear-lag concept to deduce the
degraded stiffnesses of a cracked cross-ply laminate taking the ef-
fects of residual stresses into consideration. It was pointed out that
residual stresses give rise to permanent strains when the applied
load is large enough to cause transverse cracking, and further that
these strains actually are negligible.

Lim and Hong4,5 applied the shear-lag model to a cross-ply lami-
nate and also included the effects of thermal residual stresses. It was
established that the thermal residual stresses significantly influence
the transverse cracking in graphite/epoxy laminates, more so than
in glass/epoxy composite systems. This is discernible because the
graphite/epoxy systems have a higher degree of orthotropy in elastic
constants as well as in thermal expansion coefficients.

Lee and Daniel6 proposed a simplified shear-lag analysis that
used a progressive damage scheme. It was assumed that the next
set of cracks was developed when the maximum axial stress in the
plies reached the strength of the layer. They assumed linear shear-
stress distributions in each layer throughout the thickness. In their
formulation, a shear-stress-free condition on the crack surface is
not satisfied. Berthelot et al.,7 Berthelot,8 and Berthelot and Le
Corre9 employed a shear-lag concept to obtain the general form
of the stress distributions in 0- and 90-deg layers. They proposed
a particular form of the variation of the longitudinal displacement
across the thickness of 0-deg plies, which yields a good agreement
of the stress distributions with finite element analysis. Stiffness re-
duction in a transversely cracked cross-ply fiber composite laminate
was studied by Hashin10 using variational method. The normal-ply
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stress in the load direction was assumed to be constant over the
ply thickness. The stiffness reduction caused by transverse crack-
ing is in good agreement with the experimental results. However,
damage progression and accumulation cannot be determined by us-
ing this analysis. The principle of minimum complementary energy
was also used by Varna and Berglund11 to predict the stress fields
in a cracked cross-ply laminate. The strain-energy release rate has
also been calculated by Nairn12 using a variational analysis. It is a
two-dimensional thermoelastic analysis assuming that normal-ply
stress in the load direction to be constant over the ply thickness.
Dharani and Tang13 have described a consistent shear-lag theory
analysis for both microcracking and microcrack induced delami-
nations. They predicted failure using numerical stress calculations
and a point-stress failure criterion. Many of their predictions are
in qualitative agreement with experimental results. Selvarathinam
and Weitsman14 have employed the finite element method to model
the competition between the transverse cracking and delamination
modes of failure that occur in cross-ply AS4/3501-6 gr/ep coupons
subjected to fatigue.

The present study extends the previous works to the case of aged
cross-ply laminates. It is well known that during the operational life
the variation of temperature and moisture reduces the elastic mod-
uli and degrades the strength of the laminated material.15−19 In the
present paper, both ambient temperature and moisture are assumed
to have a uniform distribution. The plate is fully saturated such that
the variation of temperature and moisture are independent of time
and position. Complete parabolic shear-lag analysis and progressive
shear model8,9 are used with some modifications to predict the effect
of transverse cracks on the stiffness degradation of aged composite
laminates. First, the general expression for longitudinal modulus
reduction vs transverse crack density is obtained by introducing the
stress perturbation function. Good agreement is obtained compar-
ing prediction with experimental results and Hashin’s model. This
latter is also modified by introducing the stress perturbation func-
tion. In the second part of this investigation, the hygrothermal effect
on the material properties of the laminate is taken into account to
evaluate the relative and the total stiffness loss in cross-ply lami-
nates containing transverse cracks. In this study, the hygrothermal
stresses20−25 and the water-induced microcracks26 are not taken into
consideration. The obtained results illustrate well the dependence
of the degradation of elastic properties on the crack density and
hygrothermal conditions.

II. Theoretical Modeling
It is well known in many studies15−19 that the material properties

are functions of temperature and moisture. In terms of a microme-
chanical model of laminate, the material properties can be written
as27

EL = V f E f + Vm Em (1)

1

ET
= V f

E f
+ Vm

Em
− V f Vm

ν2
f (Em/E f ) + ν2

m(E f /Em) − 2ν f νm

V f E f + Vm Em

(2)

1

GLT
= V f

G f
+ Vm

Gm
(3)

νLT = V f ν f + Vmνm (4)

In the preceding equations, V f and Vm are related by

V f + Vm = 1 (5)

It is assumed that Em is a function of temperature and moisture, as
is shown in Sec. III.B, then EL , ET , and GLT are also functions of
temperature and moisture.

A. Model Formulation
In the present analysis, we have modified the two models7−9 (com-

plete parabolic shear-lag model and progressive shear-lag model) by

Fig. 1 Transverse cracked cross-ply laminate and geometric model.

using the same methodology developed by Joffe et al.28 to study the
transverse cracking problem in [S/90n]S laminates.

Consider the idealized cross-ply laminates shown in Fig. 1. When
such laminate is loaded in uniaxial tension, the first damage that oc-
curs is transverse cracking in the middle layer. The spacing between
cracks is assumed to be equidistant, which means that laminate con-
tains a periodical array of cracks in 90-deg layer. The geometry of
the repeatable unit used for modeling is shown in Fig. 1. Dimen-
sionless coordinates can be introduced:

z̄ = z/t90, l̄0 = l0/t90, α = t0/t90

x̄ = x/t90, h = t0 + t90 (6)

Loading is applied only in x direction, and the far-field applied stress
is defined by σC = (1/2h)Nx .

The following analysis will be performed assuming the general-
ized plane-strain condition:

ε0
y = ε90

y = εy = const (7)

The symbol – over stress and strain components denotes volume
average. They are calculated by using the following expressions:

1) In the 0-deg layer,

f̄ 0 = 1

2l0

1

t0

∫ +l0

−l0

∫ h

t90

f 0 dx dz = 1

2l̄0

1

α

∫ +l̄0

−l̄0

∫ h̄

1

f 0(x̄, z̄) dx̄ dz̄

(8)
2) In the 90-deg layer,

f̄ 90 = 1

2l0

1

t90

∫ +l0

−l0

∫ t90

0

f 90 dx dz = 1

2l̄0

∫ +l̄0

−l̄0

∫ 1

0

f 90(x̄, z̄) dx̄ dz̄

(9)
By using the strains in the 0-deg layer (which is not damaged and,
hence, strains are equal to laminate strains, εx = ε̄0

x , etc.) and as-
suming that the residual stresses are zero (�T = 0), the Young’s
modulus of the laminate with cracks can be defined from following
expression:

Ex = σc

/
ε̄0

x (10)

Note that the initial laminate modulus measured at the same load is
Ex0 = σc/εx0, and, hence,

Ex/Ex0 = εx0

/
ε̄0

x (11)

B. Averaged Stress-Strain Relationships for Laminates with Cracks
Constitutive equations that give the relationship between strain

and stresses are as follows:
1) In the 90-deg layer,




ε90
x

ε90
y

ε90
z


 =




Syy Sxy Syz
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Syz Sxy Syy
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σ 90
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σ 90
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σ 90
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
 (12)
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2) In the sublaminate 0 deg,



ε0
x

ε0
y

ε0
z


 =




Sxx Sxy Sxz

Sxy Syy Syz

Sxz Syz Szz







σ 0
x

σ 0
y

σ 0
z


 (13)

where Si j is the compliance matrix for unidirectional composite with
0-deg fiber orientation. To calculate the laminate elastic property,
we need ε̄0

x . By averaging Eqs. (12) and (13), we obtain averaged
constitutive equations of the 90- and 0-deg layers. In averaged re-
lationships we have σ̄ 90

z = σ̄ 0
z = 0, which follows from the force

equilibrium in the z direction:

∫ +l0

−l0

σ i
z dx = 0 i = 90, 0 (14)

Averaged constitutive equations corresponding to in-plane normal
stress and strain components are

{
ε̄0

x

εy

}
=

[
Sxx Sxy

Sxy Syy

]{
σ̄ 0

x

σ̄ 0
y

}
(15)

{
ε̄90

x

εy

}
=

[
Syy Sxy

Sxy Sxx

]{
σ̄ 90

x

σ̄ 90
y

}
(16)

Equations (15) and (16) are obtained from the three-dimensional
strain-stress relationships, but because of Eq. (14) the result is sim-
ilar as in classical thin-laminate theory (CLT). In fact, for an un-
damaged laminate the averaged stresses and strains are equal to the
laminate theory stresses, and strains and Eqs. (15) and (16) are still
applicable.

The force equilibrium equations for a damaged (or undamaged)
laminate are as follows:

1) In the x direction,

Nx =
∫ t90

0

σ 90
x dz +

∫ h

t90

σ 0
x dz = σc(t90 + t0) (17)

leading to

σ̄ 90
x t90 + σ̄ 0

x t0 = σc(t90 + t0) (18)

2) In the y direction,

Ny = 0 ⇒
∫ t90

0

σ 90
y dz +

∫ h

t90

σ 0
y dz = 0 (19)

from which follows

σ̄ 90
y t90 + σ̄ 0

y t0 = 0 (20)

Equations (15), (16), (18), and (20) contain seven unknowns: four
stress components and three strain components (ε̄90

x , ε̄0
x , and εy). The

total number of equations is six. Hence, one of the unknowns can
be considered as independent, and the rest of them can be expressed
as linear functions of it. Choosing the stress σ̄ 90

x as independent and
solving with respect to it the system of Eqs. (15), (16), (18), and
(20), we obtain

εy = g1σ̄
90
x + f1σc, ε̄90

x = g2σ̄
90
x + f2σc

ε̄0
x = g3σ̄

90
x + f3σc (21)

Expressions for gi , fi , i = 1, 2, 3 through laminate geometry and
properties of constituents are given as follows:

g1 = t90
Sxy Syy − Sxx Sxy

Sxx t0 + Syyt90
, f1 = Sxx Sxy(t0 + t90)

Sxx t0 + Syyt90
(22)

g2 = Syy − S2
xy(t0 + t90)

Sxx t0 + Syyt90
, f2 = S2

xy(t0 + t90)

Sxx t0 + Syyt90
(23)

g3 = t90

t0

[
S2

xy(t0 + t90)

Sxx t0 + Syyt90
− Sxx

]

f3 = t0 + t90

t0

(
Sxx − S2

xy t90

Sxx t0 + Syyt90

)
(24)

C. Stress and Strain Perturbation Caused by Cracks
To obtain an expression for average stress σ̄ 90

x in the repeatable
unit, we consider the axial-stress perturbation caused by the presence
of two cracks. Without losing generality the axial-stress distribution
can be written in the following form:

σ 90
x = σ 90

x0 − σ 90
x0 f1(x̄, z̄) (25)

σ 0
x = σ 0

x0 + σ 90
x0 f2(x̄, z̄) (26)

where σ 90
x0 is the CLT stress in the 90-deg layer, σ 0

x0 is the CLT stress
in the 0-deg layer (laminate theory routine), and −σ 90

x0 f1(x̄, z̄) and
σ 90

x0 f2(x̄, z̄) are stress perturbation caused by the presence of crack.
Normalizing factors in form of far-field stresses in perturbation func-
tions are used for convenience. Averaging Eqs. (25) and (26) and
using the integral force equilibrium in the x direction equation (17),
we obtain

σ̄ 90
x = σ 90

x0 − σ 90
x0 (1/2l̄0)R(l̄0) (27)

σ̄ 0
x = σ 0

x0 + σ 90
x0 (1/2l̄0 t̄0)R(l̄0) (28)

The function

R(l̄0) =
∫ +l̄0

−l̄0

∫ 1

0

f1(x̄, z̄) dz̄ dx̄ (29)

is called the stress perturbation function. It is related to axial-stress
perturbation in the 90-deg layer and depends on crack spacing (crack
density).

The average stress σ̄ 90
x involved in Eq. (21) is now expressed

through the stress perturbation function Eq. (29). Conditions used
to obtain expressions Eq. (21) are the same as used in CLT. Hence,
substituting σ̄ 90

x = σ 90
x0 , where σ 90

x0 is the x axis stress in the 90-deg
layer according to CLT, we obtain CLT solution: ε̄90

x = ε90
x0 = εx0,

ε̄0
x = ε0

x0 = εx0, and εy = εy0.
Substituting Eq. (27), which contains two terms, in Eq. (21), the

result has two terms. The first term according to the preceding dis-
cussion is equal to CLT strain, but the second one is a new term
related to the stress perturbation function R(l̄0):

εy = εy0 − σ 90
x0 g1(1/2l̄0)R(l̄0) (30)

ε̄90
x = εx0 − σ 90

x0 g2(1/2l̄0)R(l̄0) (31)

ε̄0
x = εx0 − σ 90

x0 g3(1/2l̄0)R(l̄0) (32)

The stress σ 90
x0 in the 90-deg layer of an undamaged laminate under

mechanical loading can be calculated by using CLT:

σ 90
x0 = Qyyεx0

(
1 − νxyν

0
xy

)
(33)

Here, ν0
xy is the Poisson’s ration of the undamaged laminate.

D. Expressions for Longitudinal Young’s Modulus Reduction
To derive the expression for the longitudinal modulus Ex of

the damaged laminate, we use definitions Eq. (10) and substitute
Eqs. (30) and (32) in these relationships. Finally we use Eq. (33).
This procedure yields

Ex/Ex0 = 1/[1 + aρ̄R(l̄0)] (34)
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where ρ̄ = 1/2l̄0 is normalized crack density and a is known func-
tion, dependent on the elastic properties and geometry of the 0- and
90-deg layers:

a = E90t90

E0t0

(
1 − νxyν

0
xy

1 − νxyνyx

)[
1 + νxy Sxy(t0 + t90)

Sxx t0 + Syyt90

]
(35)

E0 and E90 are the Young’s moduli of the 0- and 90-deg layers,
respectively.

From Eqs. (34) and (35) it is clear that the function R(l̄0) is
the only unknown. Hence, reduction of the longitudinal modulus
depends on the form of this function of crack spacing (density). The
solution for this function can be found by using different analytical
models such as shear-lag models or variational models (for example,
Hashin’s model).

E. Computation of the Stress Perturbation Function
1. Shear Lag Model

This is the simplest stress-transfer model. There are a number
of modifications for this model. Here, we have used two models
developed by Berthelot et al.,7 Berthelot,8 and Berthelot and Le
Corre.9 These latter are modified by introducing the stress perturba-
tion function. It can be shown that the stress perturbation function
R(l̄0) is found in the following form:

R(l̄0) =
∫ +l̄0

−l̄0

cosh(ξ x̄)

cosh(ξ l̄0)
dx̄ = 2

ξ
tanh(ξ l̄0) (36)

where ξ is the shear-lag parameter

ξ 2 = Ḡ
t90(t90 E90 + t0 E0)

t0 E0 E90
(37)

The coefficient Ḡ depends on used assumptions about the longitu-
dinal displacements and shear-stress distribution:

1) For assumptions on the longitudinal displacements, the varia-
tion of the longitudinal displacement is supposed to be parabolic in
the thickness of the 90-deg layer,

u90(x, z) = ū90(x) + [
z2 − (

t2
90

/
3
)]

A90(x) (38)

the variation of the longitudinal displacement is to be determined in
the thickness of the 0-deg layers,

u0(x, z) = ū0(x) + f (z)A0(x) (39)

2) For assumptions on the shear stresses, similar in 0- and 90-deg
layers, which can be obtained by assuming that the transverse dis-
placement is independent of the longitudinal coordinate:

σ i
xz = Gi

xzγ
i
xz, γ i

xz = ∂ui

∂z
+ ∂wi

∂x
≈ ∂ui

∂z
(40)

i = 0 and 90 deg. The coefficient Ḡ is done by

Ḡ = 3G/t90 (41)

The generalized shear modulus of the elementary cell

G = G90
xz

/{
1 − 3

(
G90

xz

/
G0

xz

)
[ f (t90)/ f ′(t90)]

}
(42)

Two different analytical functions of the variation function have
been considered:

1) A complete parabolic model,7−9

f (z) = z2 − 2(t0 + t90)z + 2
3 t2

0 + 2t0t90 + t2
90 (43)

2) A progressive shear model,8,9

f (z) = sin(t0/t90)ηt

(t0/t90)ηt
− cosh ηt

(
1 + t0

t90
− z

t90

)
(44)

Characterized by the shear-transfer parameter

ηt = (
E0

/
G0

xz

)
(1/l̄0) (45)

2. Generalized Hashin’s Model (Variational Model)
In the original model uniform axial-stress distribution across the

layer thickness is assumed in 0- and 90-deg layers.10 This assump-
tion gives linear distributions for shear stresses and parabolic for
z-axis normal stress. Expressions for x-axis stress components are
the following:

σ 90
x = σ 90

x0 [1 − ψ(x̄)], σ 0
x = σ 0

x0 + σ 90
x0 (1/α)ψ(x̄) (46)

where σ 90
x0 is the stress in 90-deg layer and σ 0

x0 is the stress in the 0-
deg layer before cracking. By using this assumption, final expression
for complementary energy will be in the form of

V = V0 +
(
σ 90

x0

)2
t2
90

2

∫ l̄0

−l̄0

dx̄
{

C00ψ(x̄)2 + C02ψ(x̄)ψ
′′
(x̄)

+ C22[ψ
′′
(x̄)]2 + C11[ψ ′(x̄)]2

}
(47)

where

C00 = 1/E90 + (1/E0)(1/α)

C02 = (ν23/E90)
(
α + 2

3

) − (ν13/3E0)α

C11 = 1/3G23 + (1/3G13)α

C22 = [(α + 1)/60E90](3α2 + 12α + 8) (48)

Minimization of the complementary energy [Eq. 47] with respect to
ψ(x) leads to fourth-order differential equation with constant coef-
ficients for this function. Roots of the corresponding characteristic
equation are as follows:
k = ±(δ ± iβ), where

δ = q
1
4 cos(θ/2), β = q

1
4 sin(θ/2)

tan θ =
√

4q/p2 − 1 (49)

provided 4q > p2 and

p = (C02 − C11)/C22, q = C00/C22 (50)

The final expression for ψ(x) because of symmetry with respect to
x = 0 is as follows:

ψ = A1 cosh(δ x̄) cos(β x̄) + A2 sinh(δ x̄) sin(β x̄) (51)

Coefficients Ai can be obtained from zero axial- and shear-stress
boundary conditions on the crack surface. Perturbation function
R(l̄0) can now be found as follows:

R(l̄0) =
∫ +l̄0

−l̄0

ψ(x̄) dx̄ (52)

By performing integration, we obtain

R(l̄0) = 4δβ

δ2 + β2

cosh(2δl̄0) − cos(2β l̄0)

β sinh(2δl̄0) + δ sin(2β l̄0)
(53)

III. Results and Discussion
A computer code based on the preceding equations was written

to compute the stiffness loss of cross-ply laminates caused by the
transverse ply cracking tacking into account the hygrothermal effect
on the elastic properties.

A. Verification of the Modified Models
Before analyzing the reduced longitudinal Young’s modulus of

cross-ply laminates vs cracks density with the taking into account
the hygrothermal effect on the material properties of the laminate,
we check the results obtained by the used modified models with the
existing experimental data.

Material properties of typical graphite/epoxy and glass/epoxy
composite systems used in the present analysis are given in Table 1
(Ref. 29). The effect of transverse cracks on the stiffness reduction
of the [0/90n]S cross-ply laminate family is evaluated by a mod-
ified shear-lag models and Hashin’s model. Figures 2–4 show the
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Table 1 Material properties of composite systems
used in calculations

Property AS4-350229 Glass/epoxy1

EL , GPa 144.8 41.7
ET , GPa 9.58 13.0
GLT, GPa 4.79 3.4
GTT’, GPa 4.2 4.58
νLT 0.31 0.3
νTL 0.4 0.42
h0, mm 0.127 0.203

Fig. 2 Stiffness reduction caused by transverse cracks in a [0/90]S
AS/3502 laminate.

Fig. 3 Stiffness reduction caused by transverse cracks in a [0/902]S
AS/3502 laminate.

comparison of the present predictions of stiffness reduction caused
by transverse cracks with experimental data for the AS4-3502
graphite/epoxy cross-ply laminate family. It is shown that when
cracking in transverse layer occurs stiffness of the laminate changes.
The best fit with experimental data gives the shear-lag model, which
assumes a complete parabolic displacement distribution. Hashin’s
model predicts much larger changes than in experiment.

Figure 5 presents the phenomenon that stiffness reduction is ag-
gravated with the increment of 90-deg thickness. In fact, the stiffness
reduction becomes more marked with increasing 90-deg layer thick-
ness. This is explained by the fact that by increasing the 90-deg layer
thickness, more loads are carried by the 90-deg layer and a larger
crack-opening displacement of a transverse crack results for a given
applied load.

Fig. 4 Stiffness reduction caused by transverse cracks in a [0/903]S
AS/3502 laminate.

Fig. 5 Evaluation of the longitudinal Young’s modulus of AS4/3502
laminates as a function of the crack density for three stacking sequences:
[0/90]S (α= 1), [0/902]S (α= 1/2), and [0/903]S (α= 1/3).

Figure 6 shows the stiffness reduction of a [0/903]S E-glass/epoxy
cross-ply laminate. In this case the best fit with experimental data
gives Hashin’s model. The discrepancy between the results pre-
dicted by using the two shear-lag models and the experimental data
are greater than for the graphite/epoxy cross-ply laminate family of
Figs. 2–4. However, the general character of the predicted curve sug-
gests similarity with experimental data. Some difference between
the analytical model and experiment is expected in any case be-
cause the damage mode in the present analysis is restricted to uni-
formly distribute straight transverse cracks. In practice, because of
the random nature of the transverse cracking behavior, the uniform
distribution of straight transverse cracks does not occur exactly in
thick cracking layers.

B. Influence of Hygrothermal Conditions
on the Reduced Young’s Modulus

The study here has focused on the stiffness reduction caused by
transverse ply cracking in simple cross-ply laminate when the lat-
ter is initially exposed to the hygrothermal aging. For that, several
numerical examples were presented. Graphite/epoxy composite ma-
terial was selected in the present examples. However, the analysis is
equally applicable to other types of composite material. For these ex-
amples the thickness of each ply is 0.125 mm, and the material prop-
erties adopted are as follows16−18: E f = 230.0 GPa, G f = 9.0 GPa,
ν f = 0.203, νm = 0.34, and Em = (3.51 − 0.003T − 0.142C) GPa,
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Fig. 6 Stiffness reduction caused by transverse cracks in a [0/903]S
E-glass/epoxy laminate.

in which T = T0 + �T and T0 = 25◦C (room temperature) and
C = C0 + �C and C0 = 0 wt% H2O. Three sets of environmental
conditions are considered, referred to as 1, 2, and 3. For environ-
mental case 1, T = 25◦C, so that both �T and �C are zero. For
environmental case 2, �T = 50◦C and �C = 0.5%, and for envi-
ronmental case 3, �T = 100◦C and �C = 1%. Also, three values
of the fiber volume fraction V f (= 0.5, 0.6, and 0.7) are considered.
The environmental case 1 will be regarded as the reference case.

1. Prediction of Relative Elastic Moduli
We calculate here the relative loss of stiffness in laminate, which

is already subjected to the hygrothermal aging of type 1, 2, or 3.
The loss of stiffness in the laminate as a result of crack density is
evaluated compared to the initial stiffness of the uncracked laminate
with the same environmental case 1, 2, or 3. We note that this initial
stiffness of the uncracked laminate is a function of temperature and
moisture. Consequently, Eq. (34) becomes

Ex(i)/Ex0(i) = 1
/[

1 + a(i)ρ̄R(i)(l̄0)
]

(54)

The index (i) represents the considered case of the environmental
conditions (case 1, 2, or 3). The results obtained are reported in
Figs. 7 and 8 using both modified models: the complete parabolic
shear-lag model7−9 and the progressive shear-lag model.8,9 The
modulus reduction depends in addition to the crack density on the
moisture and temperature. In fact, the longitudinal Young’s modu-
lus is reduced with decreases in moisture and temperature especially
when the crack density becomes higher.

Figures 9 and 10 show the effect of fiber volume fractions
V f (= 0.5, 0.6, and 0.7) on the variation of longitudinal Young’s
modulus with crack density and under the environmental conditions
of case 1. The calculation is carried out by using the two considered
models. It can be seen that longitudinal Young’s modulus is reduced
with increases in fiber volume fraction.

2. Analysis of Total Stiffness Reduction
In this section, the variation of longitudinal Young’s modulus

as a function of crack density and environmental effect is investi-
gated by using the two considered models. The total reduction of
the longitudinal Young’s modulus is determined compared to the
longitudinal Young’s modulus of the uncracked laminate when the
latter is exposed initially to the environmental conditions of case 1
(the reference case). Consequently, this total reduction of stiffness
takes into account the reduction caused by the crack density and to
the variation of moisture and temperature. Equation (34) becomes

Ex(i)

Ex0(1)

=
[
αE0(i) + E90(i)

]
[
1 + a(i)ρ̄R(i)(l̄0)

][
αE0(1) + E90(1)

] (55)

The variation of longitudinal Young’s modulus is plotted in Figs. 11
and 12 as a function of crack density for three cases of environmental

Fig. 7 Relative modulus reduction in a [0/903]S graphite/epoxy lam-
inate as a function of crack density. The calculation is carried out by
using the complete parabolic model (Vf = 0.6).

Fig. 8 Relative modulus reduction in a [0/903]S graphite/epoxy lam-
inate as a function of crack density. The calculation is carried out by
using the progressive shear model (Vf = 0.6).

Fig. 9 Effect of fiber volume fraction on relative modulus reduction
in a [0/903]S graphite/epoxy laminate as a function of crack density.
The calculation is carried out by using the complete parabolic model
(∆T = 0◦C, ∆C = 0%).

conditions 1, 2, and 3. It can be observed that for a zero crack den-
sity there is a reduction of longitudinal Young’s modulus, which is
related completely to the effects of hygrothermal conditions. With
increases in crack density, the sensitivity of the hygrothermal effects
on the modulus reduction becomes weaker. In contrast with the rel-
ative reduction of longitudinal Young’s modulus, the total reduction
of longitudinal Young’s modulus increases with moisture content
and temperature especially at lower crack density.
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Fig. 10 Effect of fiber volume fraction on relative modulus reduction
in a [0/903]S graphite/epoxy laminate as a function of crack density.
The calculation is carried out by using the progressive shear model
(∆T = 0◦C, ∆C = 0%).

Fig. 11 Total modulus reduction in a [0/903]S graphite/epoxy lami-
nates (Vf = 0.6) as a function of the crack density by using the complete
parabolic model.

Fig. 12 Total modulus reduction in a [0/903]S graphite/epoxy lami-
nates (Vf = 0.6) as a function of the crack density by using the progressive
shear model.

IV. Conclusions
A modified shear-lag analysis by introducing the stress pertur-

bation function has been used to evaluate the effect of transverse
cracks on the stiffness reduction in a family of cross-ply laminates.
Predictions of the reduced longitudinal Young’s modulus due to
transverse cracks are compared with existing experimental data. In
the second part of this study, the effects of temperature and moisture
on the reduction of the longitudinal Young’s modulus in cross-ply

laminates containing transverse cracking were investigated. On the
basis of the present results the following conclusion can be drawn:

1) Transverse cracks reduce the effective stiffness in composite
laminates.

2) The stiffness reduction caused by transverse cracks is pro-
foundly influenced by the laminate configuration.

3) The decreases in moisture and temperature reduce the relative
stiffness of laminate, especially when the crack density becomes
higher.

4) The total reduction of longitudinal Young’s modulus increases
with moisture content and temperature especially at lower crack
density.

5) The increases in fiber volume fraction reduce the effective
stiffness of laminate.
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